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It is analyzed whether the structural design of contemporary glycolysis can be explained theoretically 
on the basis of optimization principles originating from natural selection during evolution. Particular 
attention is paid to the problem of how the kinetic and thermodynamic properties of the glycolytic path- 
way are related to its stoichiometry with respect to the number and location of ATP-coupling sites. The 
mathematical analysis of a minimal model of unbranched energy-converting pathways shows that the 
requirement of high ATP-production rate favours a structural design that includes not only ATP-producing 
reactions (P-sites) but also ATP-consuming reactions (C-sites). It is demonstrated that, at fixed overall 
thermodynamic properties of a chain, the ATP-production rate may be enhanced by kinetic optimization. 
The ATP-production rate is increased if the C-sites are concentrated at the beginning and all the P-sites 
at the end of the pathway. An optimum is attained, which is characterized by numbers of coupling sites 
corresponding to those found in glycolysis. Various extensions of the minimal model are considered, 
which allow the effects of internal feedback-regulations, variable enzyme concentrations, and the symmet- 
ric branching of glycolysis at the aldolase step to be considered. 
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Glycolysis was one of the favoured subjects in the field of 
mathematical modelling of metabolic systems. Different types 
of simulation models have been developed: for example, models 
based on  a very detailed kinetic description of the individual 
enzymes [I-4); 'skeleton' models [5]; and models that used 
the quasi-steady-state approximation for simplification 16-8 1. 
Furthermore, glycolysis was an important subject of pioneering 
theoretical works concerning the elucidation of mechanisms of 
metabolic oscillations [9- 121. 

The aim of the present study was substantially different from 
that of simulation models. Here, we will try to explain certain 
structural features of glycolysis that are fixed during the life 
span of an organism but have been changed in an evolutionary 
time-scale. This study concerns, in particular, the stoichiometry 
of the pathway and the kinetic parameters of the participating 
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Abbreviutions. A,  affinity of a reaction; C:!, flux control coefficient 
for reactionj; [El ,  concentration of enzyme E: AC, change in Gibbs free 
energy; AC", change in Gibbs free energy under standard conditions; J ,  
steady-state flux; k,, k,, first-order rate constants of reaction j for the 
forward and backward directions, respectively : K,, K-, ,  second-order rate 
constants of reaction ,j for the forward and backward directions, respec- 
tively: q,, equilibrium constant of reaction , j ;  R, universal gas constant; 
[S,], concentration of the metabolite A. 

Enpmes. Hexokinase (EC 2.7.1 .l): 6-phosphofructokinase (EC 
2.7.1.11); pyruvate kinase (EC 2.7.1.40); phosphoglycerate kinaae (EC 
2.7.2.3) ; citrate(si)-synthase (4.1.3.7) : isocitrate dehydrogenase (NAD' ) 
(1.1.1.41); malate dehydrogenase (1.1.1 37) ;  pyruvate carboxylase 
(6.4.1.1); phosphoerzolpyruvate carboxykinase (4.1 .I  .49): L-lactate de- 
hydrogenase (EC 1.1 .1 .27). 

enzymes. In simulation models, these properties are taken into 
account as given quantities. 

There has been no general theory to explain the structural 
design of metabolic pathways. Various related investigations 
were based on the hypothesis that, during evolution, systems 
with certain optimal properties have been selected. Concerning 
relevant optimization criteria, it is often assumed that metabolic 
tluxes were important targets of natural selection. Thus, kinetic 
parameters of contemporary enzymes, that is, elementary rate 
constants, Michaelis constants and maximal activities, have been 
calculated on the basis of the assumption that flux maximization 
played a fundamental role during evolution of metabolism [13- 
23 1. From other possible evolutionary-optimization principles 
the following have attracted attention: minimization of transient 
times of metabolic pathways [ 241 ; minimization of the total os- 
molarity of intermediates [25, 261 ; stoichiometric simplicity [27, 
281 ; and maximization of thermodynamic efficiency (reviewed 
in 1201). 

Because the main biological function of glycolysis is the 
production of ATP, our interest is focused on the implications of 
the optimization principle of maximal ATP-production rate on 
the structural design of glycolysis. In particular we pay attention 
to the optimal distribution of ATP-producing and ATP-consum- 
ing sites with respect to their number and their location along 
the glycolytic chain. 

Our study consists of two parts. This paper concerns the 
kinetic and thermodynamic features of an optimal ATP-produc- 
ing metabolic pathway, an analysis of chemical constraints will 
be published later. To allow general conclusions we do not incor- 
porate in part 1 too many details of present day glycolysis. In a 
minimal model presented, an unbranched ATP-producing path- 
way consisting of first-order and pseudo-first-order reactions is 



192 Heinrich et al. (Em J.  Biochem. 243) 

considered. Concentrations of cofactors are assumed to be fixed. 
In extended versions of this model, the effects of regulatory cou- 
plings (feedback inhibitions), variable enzyme concentrations 
and of the symmetric branching of glycolysis at the aldolase step 
are taken into account. 

The main finding is that optimization of ATP-production rate 
favours a structural design that includes not only ATP-producing 
but also ATP-consuming steps and that the exergonic steps 
should be concentrated at the upper end and endergonic steps at 
the lower end of the chain. These results are in general 
agreement with the known design of glycolysis. 

The special properties of a pathway with an optimal struc- 
tural design will become clearer by comparing them with those 
of non-optimized structures. Of particular theoretical interest are 
hypothetical pathways that possess an 'antiglycolytic' design, 
with a location of ATP-consuming and ATP-producing reactions 
that is the reverse of that found in glycolysis. 

A necessary prerequisite of our analysis is that there are dif- 
ferent chemical possibilities for ATP production in the conver- 
sion of glucose into lactate. This problem is addressed elsewhere 
(Melkndez-Hevia, E., Waddell, T. G., Heinrich, R. and Montero, 
F., unpublished results). Examples are given of how ATP could 
be produced via metabolic routes that differ from those observed 
in most contemporary cells. However, it will be shown that the 
number of alternative possibilities is limited due to chemical 
constraints. In this manuscript, most chemical details will not be 
taken into account. It is also neglected that glycolysis can have 
a number of metabolic purposes in addition to ATP production, 
e.g. to act as a carbon source for serine and alanine, and that in 
many cells anaerobic glycolysis starts from glycogen instead of 
from glucose. 

An equation for the steady-state flux could also be obtained 
by using the Michaelis-Menten equation instead of Eqn (1) for 
reversible reactions. However, the consideration of saturation ef- 
fects would make the analysis much more complicated, since 
the resulting equation is of nth order in J [20, 231. 

Introducing the overall affinity A of the pathway, 

(R, universal gas constant; T, temperature) Eqn ( 5 )  for the 
steady-state flux may be rewritten as follows 

(7) 

Whilst in this equation the numerator expresses the thermody- 
namic properties of the chain, the denominator D depends on 
the details of the kinetic properties of the reactions as well as 
on the chain length. 

Some results outlined below may be easily understood in 
terms of flux-control coefficients C!, describing the effect of 
changes of the activities 11, on the steady-state flux. 

where p ,  denotes a kinetic parameter which affects only reaction 
i directly [29-321. Choosing pz = k,, one derives from Eqns 
(1, 5,  8) the following. 

THEORY 

A minimal model. Basic assumpfions. A simplistic model 
for the coupling of an enzymatic chain to ATP production and 
ATP consumption is considered. We concentrate on the kinetic 
effects of a change of the equilibrium constants, which are 
brought about by incorporation of endergonic and exergonic 
steps. 

Let us consider an unbranched chain of n reactions with 
fixed concentrations of the pathway substrate, [So], and the end 
product, [S,,]. For simplicity, we assume that the rate u,  of a 
reaction interconverting two consecutive intermediates Sz..l and 
S, is described by the linear kinetic equation 

where k,  and k - ,  denote first-order rate constants and q, is the 
thermodynamic equilibrium constant of reaction step i. From the 
steady-state condition 

J = v, ( 2 )  
( J ,  steady-state flux) one derives a recursion formula for the 
steady-state concentration of the metabolites 

J 

k, 
IS,l = P - 1 1  q, - -q<.  ( 3 )  

Applying this formula from i = 1 to 1 s j  d n one obtains 
I 1 1 ,  

, ~~ I r ~ I k ,  m = 
lS,l = [Sill n (1, - J x - n q,,z . (4) 

Since [SiJ and [S,,] are considered to be fixed, Eqn (4) leads to 
the following equation for the steady-state flux 

c: = (9) 

In the present context it will be useful to consider the ratio of 
two control coefficients. With Eqn (9), one obtains for j >  i 

(10) 

From this equation it follows that for equilibrium constants 
larger than unity, q,,, > 1, the flux-control coefficients of reac- 
tions at the upper end of the chain are generally higher than 
those at the lower end of the chain, i.e. C:, > C:, for j > i pro- 
vided that k, is not very much smaller than k,. 

Eqn (I), for the individual rates, and Eqn (3, for the steady- 
state flux, may be applied for chains with bimolecular reactions 
involving e.g. cofactors, if they are considered as external reac- 
tants. In this case, one has to replace the kinetic constants k, and 
k-,  by apparent first-order rate constants, which are obtained as 
products of the corresponding second-order rate constants ti, and 
ti-, and the concentrations of those external reactants participat- 
ing in the corresponding reaction steps. Since we are interested 
in glycolysis. we consider the case that ATP and ADP may par- 
ticipate in the reaction chain either at ATP-producing sites (P- 
sites) or at ATP-consuming sites (C-sites). C-sites and P-sites 
are denoted as coupling sites. Reactions that are involved in nei- 
ther ATP production nor ATP consumption are denoted as 0- 
sites. The concentrations of ADP, ATP and free inorganic phos- 
phate are considered to be constant. 

Coupling of the ith reaction to ATP consumption or ATP 
production will change the thermodynamic properties. For the 
equilibrium constant of the uncoupled reaction, q,, we have q, = 
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k,lk_,. The equilibrium constant of the coupled reaction reads 
q: = K ~ K ! .  The equilibrium constants q: and qz are related to 
each other by 

C-sites: 4: = q;K-', P-sites: q: = q , K ,  (11 a,b) 

where K denotes the equilibrium constants for the interconver- 
sion of ADP into ATP under physiological condition ( K e  1). It 
is an apparent equilibrium constant since it includes the fixed 
concentration of inorganic phosphate. 

By necessity, changes in the equilibrium constants as given 
in Eqns (1 1 a, b) are brought about by changes in the forward 
and backward rate constants. We use the following relations be- 
tween the first-order rate constants k ,  I of the uncoupled reac- 
tions and the apparent first-order rate constants kLt of the cou- 
pled reactions 

(12) 
k 

a, 
C-sites: k: = 2, k', = k - ,  p, 

, k- 
6, 

P-sites: k: = k, yi , k- ,  = 

where, for simplicity, we have neglected the effect of the con- 
centrations of ATP and ADP on the apparent first-order rate con- 
stants. 

Taking into account relations (1 1 a, b), the coupling parame- 
ters a,,/?, and y,,6, must fulfil the relations 

qp, = y,6,  = K .  (14) 
Under special assumptions, the various coupling parameters 

can be expressed as functions of qt and K. For that, we use the 
rate equation proposed for a perfect catalyst. It reads under the 
condition that only diffusional constraints are operative 

(1 5) 
k d  [E,1 ([S,-,l 4, - [S,l) 

1 + q, 
u, = 

[14, 191. In this equation, [E,] denotes the concentration of the 
enzyme that catalyzes step i and k, represents the diffusion-con- 
trolled upper limit for rate constants characterizing the binding 
of the substrates or products to the enzyme. A comparison of 
Eqns (1, 15) yields 

Introducing into these equations the equilibrium constants of 
coupled reactions from Eqn (1 l ) ,  one derives from Eqns (12, 13, 
16) for the coupling parameters 

Since K <  1, one obtains from Eqn (17) 

K < a,, [L Y, ,  6, < 1 . (18) 

The ATP-production rate is related to the glycolytic flux J in the 
following way 

where a and b denote the number of C-sites and P-sites, respec- 
tively. Substituting Eqn (5) in this equation for J ,  the equilibrium 
constants qL and the rate constants k, for the coupling sites must 
be replaced by q: and k:, respectively. In the following, the factor 
d = b-a is denoted as the exces number of ATP-producing 
sites. 

JATp = (b  - U )  J = d . J , (19) 

Concerning the evolutionary optimization of glycolysis, we 
are mainly interested in the implications of the extremum prin- 
ciple 

J,, = max . (20) 
To identify the optimal structural design, the kinetic proper- 

ties of chains with different numbers and different locations of 
coupling sites are compared. For this minimal model, no restric- 
tions concerning the number and distribution of coupling sites 
are made except that 

a + b S n ,  2 b c n .  (21 a, b) 

Relation (22 b) follows from the fact that, forb ATP-produc- 
ing sites, the chain must contain the same number (b) of sites 
where substrates are phosphorylated either by ATP or by inor- 
ganic phosphate. (A further chemical restriction is that the first 
step cannot be a P-site and the final step cannot be a C-site, due 
to the composition of glucose and lactate.). Taking into account 
these restrictions, different structural designs are obtained by an 
interchange of the different types of sites within the chain. 
Furthermore, we will compare pathways of different length (n )  
under the constraint of a fixed standard free-energy change 
AG:;,, of the uncoupled interconversion of S,, into S,, 

AG;;,, = -RTIn Q = constant, Q = q, (22a,b) 

( Q ,  overall equilibrium constant of the chain in the uncoupled 
state). By means of these assumptions, alternative pathways are 
created that differ in the sites where ATP is produced and con- 
sumed at the conversion of the initial substrate So into the end 
product &. 

Thermodynamically, a chain with a C-sites and b P-sites may 
be characterized by the overall affinity 

r = l  

which is independent of the location of C-sites, 0- sites, and P- 
sites along the chain. Since K <  I the overall affinity decreases 
as b - a increases. A positive glycolytic flux is obtained for pos- 
itive affinity (A > 0), which is fulfilled if the excess number of 
ATP-producing sites does not exceed a certain maximum, that 
is, for 

Furthermore, one obtains J = 0 for d = d,,,. For d>d,,,, the 
affinity becomes negative which impljes that the reactions pro- 
ceed in the reverse way, that is from s,, to So. 

Effect of replacements of 0-sites by P-sites or C-sites and 
their optimal location. The main conclusions concerning the 
optimal kinetic properties of ATP-producing reaction chains may 
be derived from the following two theorems. 

Theorem 1. The replacement of an 0-site by a C-site, that 
is, a - a + 1, at any reaction increases the glycolytic rate J ,  and 
the replacement of an 0-site by a P-site, i.e. b -  b+ 1, 
decreases J .  This theorem points to the kinetic effects of a 
change of the number of coupling sites. 

The kinetic effects of a variation of the location of coupling 
sites at fixed numbers a and b are described by 

Theorem 2. J as well as JATp are increased by an exchange 
of a P-site at reaction i for an 0-site at reaction m with i < rn, 
and by an exchange of a C-site at reaction j for an 0-site at 
reaction m with rn < j ,  provided that the affinity A and the excess 
number, d, of ATP-producing sites are positive. 

Proof of Theorem 1. Let us consider the replacement of an 
0-site by a C-site at reaction i (Part 1 of Theorem 1). According 
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to Eqns ( 5 ,  11, 12), the f lux  J ( 0 , )  with an 0-site at reaction i 

and the flux J(Cr)  with a C-site at reaction i read 

with Q from Eqn (22b) and Q, ,, = n Y,,~. Strictly speaking, 

Eqn (25 a)  applies to the situation that all reactions are 0-sites. 
Both equations can, however, also be applied to the case a , b > O ,  
when all earlier replacements have already been taken into ac- 
count by inclusion of the values ti, (L,, fi,. y ,  and 6, in the values 
of (apparent) kinetic and equilibrium constants. From Eqns 
(25 a, b) i t  follows directly that J ( C J  > J ( 0 , )  only if 

,,r = , 

Eqn (26) holds true under consideration of Eqn (1 8), which com- 
pletes the proof. Part 2 01' Theorem 1 can be proved in an analo- 
gous way. 

P m ~ f  of Thror-rr77 2. For fixed numbers of P-sites and C- 
sites, the numerator of Eqn (Sa) is independent of the distribu- 
tion of these cites along the chain. To investigate the intluence 
of the location of P-sites o n  J and J,,, (first statement of Theo- 
rem 2), we compare. therefore, the denominators D of Eqn ( 5 )  
for the following two situations: P-site at reaction i and 0-site 
at reaction nz Idenominator D(Pr, O,,,)], and 0-site at reaction i 
and P-site at reaction t n  (denominator D(O,, PJ], where in both 
cases i < m. One obtains 

where Eqn (18) has bcen taken into account. For a positive over- 
all affinity (A). Eqn (28) implies J ( 0 , ,  P,8,) > J(P,, 0,,,) and, for 
h - a >  0, ./,,.(0,, P,,,) > J,Tl.(P,, O,J,). which completes the 
proof. The second statemcnt of Theorem 2 can be proved in an 
analogous way. 

RESULTS 

It follows from theorem 2 that J,,,, becomes maximum when 
all P-sites are located at the lower end of the chain and all C- 
sites are located at the upper end of the chain (Scheme 1) .  

Scheme 1. 

a ATP ump b ADP dP --- 
C-sites 0-sites P-sites 

Therefore, the optimal ATP-production rate reads 

where 
'1 1 

By means of Eqns (29, 3 O ) ,  i t  is shown that an optimum for 
the ATP-production rate J,,, is not only obtained by the proper 
localization of P-sites and C-sites at the beginning and the end 
of the chain, respectively. but also by variation of their numbers, 
a and h. For this, we consider the case of equal values for all 
thermodynamic equilibrium constants (q, = q)  and equal values 
for enzyme concentrations (IE,] = [El). Under these conditions, 
Eqn (30a-c) permit an explicit evaluation by means of the 
formula for geometric progressions. Taking into consideration 
Eqns (12. 13, 17) one obtains 

(31 c )  

Fig. 1 A, B show the glycolytic rate J and the ATP-produc- 
tion rate respectively, as functions of the number of cou- 
pling sites for a chain with 10 reactions for special values of the 
thermodynamic parameters Q and K. The fluxes are normalized 
with respect to the rate i1 = kcl[SIJ [El which, according to 
Eqn (IS), represents the forward reaction rate of the first reac- 
tion for q , - m  and [El]  = [El. (The same normalization is used 
i n  all subsequent figures, except of Fig. 6.) The curves i n  
Fig. 1 A, B are calculated on the basis of Eqns (29, 31) by taking 
into account Eqn (19). The starting points of the curves at low 
0 values are given by the condition that we only consider chains 
where the number of P-sites exceeds the number of C-sites (i.e. 
h z a ) .  The end points at high h values are determined by the 
limited total number of sites (i.e. u + h S I Z ) .  Broken lines 
connect points that are physically unrealistic since Eqn (21 b) is 
violated. 

The glycolytic rate J decreases for all possible values of a 
inonotonically with the number (h)  of P-sites (Fig. 1 A). This 
property follows directly from theorem I ,  part 2. For low values 
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Fig.2. ATP-production rate for a pathway of 20 reactions. J,T,, is 
represented as a function of /7 located at the lower end of the chain for 
various values of a at the upper end of the chain. The parameter values 
are the same as used in Fig. I ,  with the exception that the overall equilib- 
rium constanr Q = 1024 results for n = 20 in q, = q = 1.414. The thick 
line connect points for a = 2. Broken lines connect points for 2h > n. 

of glycolysis. There, the ATP-consuming reactions catalyzed by 
hexokinase and phosphofructokinase are located within the first 
part while the ATP-producing reactions catalyzed by the phos- 
phoglycerate kinase and pyruvate kinase belong to the last part 
of glycolysis. 

Number of P-sites (b) 

Fig. 1. Glycolytic rate and the ATP-production rate for a pathway 
of ten reactions. Normaliied values of J (A) and JATP (€3) are represented 
as functions of b located at the lower end of the chain for various values 
of n at the upper end of the chain according to Eqns (5, 19, 31). Parame- 
ter values: Q = 1024 (q> = q = 2), K = 0.17, [E,] = [El, [S,,] = IS,,]. 
The thermodynamic limit according to Eqn (24) is d,,,,, = 3.94. The thick 
lines connect points for n = 2, which corresponds to the situation of 
glycolysis (two C-sites in the first part of the pathway). Broken lines 
connect points for 2b > n. which physically cannot be realized due to 
the constraint described by Eyn (21 b). 

of u (a  s 3) the flux J may become negative at high numbers of 
P-sites (b  - a > d,,J (Eqn 24). For small values of h with h > a,  
the flux J is rather insensitive to variations of b. This is in accor- 
dance with the result that, for q, > 1, flux control in unbranched 
chains is mainly exerted by the first enzymic steps; that is, a 
change of the kinetic properties of reactions at the end of the 
chain (resulting from the incorporation of P-sites) has little effect 
on the steady-state flux (Eqn 10). The ATP-production rate (J,ll I.) 
(Fig. I B )  displays a maximum at variations of the number (6) 
of P-sites. This is explained by the fact that the two factors in 
Eqn (1 9), h - a and J ,  change in opposite directions with varia- 
tions of h. In particular, the increase of J,,,,, results from the 
insensitivity of J to variations of b for low b values. At higher 
values of b the decrease of J overcompensates the increase of 
h-a. The flux J (Fig. 1A)  increases with the number (a) of 
ATP-consuming sites at the upper end of the chain. This results 
from theorem 1, part 1. This effect is most pronounced at the 
transition from u = 0 to a = 1 which makes the first reaction 
more irreversible due to K <  1. Since steps behind quasi- 
irreversible reactions in unbranched chains exert minor flux con- 
trol (Eqn lo), further replacements of 0-sites by C-sites at sub- 
sequent reactions yield less effect. The maximum for the ATP- 
production rate is higher for a = 1 (located at b = 4 at the cho- 
sen parameter values) than for a = 0 (6 = 3) .  

That .IATp is optimized if the chain contains C-sites at the 
upper end of the chain and P-sites at the lower end of the chain 
is qualitatively in accordance with the stoichiometric structure 

Dependence on chain length. Fig. 2 shows the ATP-production 
rate as a function of the number of coupling sites for n = 20. 
Compared with the results for n = 10 (Fig. 1 B), the main results 
concerning optimization of ATP-production are unaffected by an 
increase of the chain length. The case n = 20 allows the con- 
sideration of more cases for the number of C-sites and P-sites. 
From analysis of this case, it becomes clearer that optimization 
of the ATP-production rate may result in a number of nearly 
equivalent solutions characterized by the same excess number 
(d )  of ATP-producing sites at differing values of a and b. In 
particular, for the given parameter values the optima for JATr for 
b-a = 3 with a 2 2  are all nearly the same. 

This results from the fact that, for higher (1 values, many 
reactions at the beginning of the chain become quasi-irreversible 
due to the coupling to ATP consumption. Thus, the control of 
the glycolytic flux is fully exerted by these reactions, and further 
changes of the kinetic parameters of reactions located down- 
stream will have only a negligible effect on 1 at constant d 
(Eqn 10). 

Antiglycolytic design. It may be interesting to compare the ki- 
netic properties of an optimal ATP-producing pathway with 
those of non-optimized pathways. In particular, one may study 
unbranched chains, where the P-sites are located at the upper 
end of the chain while the C-sites are located at the lower end. 
Since, for such a pathway, the order of P-site and C-sites is 
reversed compared with that of glycolysis, the corresponding 
design i s  denoted as anti-glycolytic. With glucose as the starting 
substance, i t  i s  chemically impossible to have ATP-producing 
steps at the very beginning. However, in the present section, we 
are interested only in the kinetic effect of the number and loca- 
tion of exergonic and energonic reactions. Thus, we make the 
crude assumption that the kinetic equation for the flux J""" (17, a )  
for the antiglycolytic design is obtained by introducing into the 
general flux equation (Eqn 5) apparent first-order rate constants 
and equilibrium constants of P-sites for reactions ,j ( 1  j S 6) 
and apparent first-order rate constants and equilibrium constants 
of C-sites for reactions j (n  - CI + 1 s j C n) according to 
Eqns(13-13, 16, 17). 
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Fig. 3. ATP-production rate for the antiglycolytic design. Jz;, i b  rep- 
resented as function of ti located at the upper end of the chain for various 
values of n at the lower end of the chain for I I  = 1 0 .  The parameter 
values are the same as used in Fig. 1. 

Fig. 3 shows J;pp as function of the number (b )  of P-sites 
for various values of the number ( a )  of C-sites, where all the 
other parameters are the same as used in Fig. 1. A comparison 
of Fig. 1 B and Fig. 3 shows that for given a and h, J,, > Jf;p 
holds true. While in a pathway with a glycolytic design, an 
increase of the number of C-sites may lead to an increase of 
the ATP-production rate (Figs 1 B and 2). the opposite effect is 
obtained for a pathway with an antiglycolytic design. An 
increase of u generally lowers the ATP-production rate, &$,. 

Towards realistic values of the thermodynamic parameters. 
By means of free-energy changes, the maximal excess number 
(d,,,,,) of ATP-producing sites (Eqn 24) may be expressed as 

(32) 
RT ' (LslJl/~snl) AG:;y' + ~~ 

",,,, = ~ __-----__ 

AGNw AGAIP 

where A G,, denotes the free-energy change of ATP hydrolysis 
under physiological conditions. Since 

AG;;,, = - 197 kJ/mol, (33 a, b) 

1331, one obtains for [S,,] = [S,,] the value d,,,,, -- 3.94. This 
number has been used to calculate the curves shown in Fig. 1. 
However, the overall equilibrium constant Q and the equilibrium 
constant K resulting from the realistic thermodynamic parame- 
ters by use of the formulae Q = exp (- AC,,,,/Rn and 1/K = 
exp (- AG,,/KT) are much higher and much lower. respective- 
ly, than those used in Fig. 1. 

To introduce into Eqns (29-31 ) realistic equilibrium con- 
stants 4, and the corresponding rate constants k ,  and coupling 
parameters a, and 11, that result from Eqn (17 a, c) we have to 
take into account that the existence of b ATP-producing steps 
necessitates that the chain contains the same number of phos- 
phorylation steps. If there are cz ATP-consuming reactions, the 
remaining 6-cz phosphorylations have to be carried out with 
inorganic phosphate as the substrate. In the following, these 
reactions are called 0,-sites. As a consequence, the chain con- 
tains rz-2b 0-sites with no phosphorylation or dephosphoryla- 
tion. To correct the total number of reactions 11 at variations of 
b and n, the two consecutive reactions S, - I + P, - (S, - , - P )  
and (S, I - P )  - (S, - P )  are combined into one reaction 

A G,,, = - 50 kJ/mol 

0 
S,--, + P,-(S,-P). 

Analogously, the C-sites 

S,- ,  + A T P L  (S,- P )  + ADP 
result from combination of the reactions 

0 1 2 3 4 5 6 

Number of P-sites (b) 

Fig. 4. ATP-production rate for realistic values of thermodynamic 
parameters. J,,,, is represented as a function of b located at the end of 
the chain at various values of ci at the beginning of the chain according 
to Eyns (29,30) for IZ = 10. The equilibrium constants are qo = 2089.23, 
qlr. = 0.0125, q, = 3.323X10", qp = 1.312 which correspond to the 
realistic AG values given in the text for the various types of sites. Other 
parameter values: [E,] = [El, [S,,] = [S*>I. d,,,.,, = 3.94. The thick lines 
connect points for n = 2. 

S, , + ATP -+ (S,-, - P )  + ADP and (S,-] - P )  -f ( S , - P )  
and the P-sites 

(s,-, -PI + A D P ~  S, + ATP 
from combination of 

(S,-, - P )  - (S, - P )  and ( S , - P )  + ADP - S, + ATP. 
Furthermore, by means of the simplifying assumptionc that the 
standard free-energy change of the reaction 

(S, , - P )  - (S, - P )  equal? that of S, , - S, 
and that it is independent of j ,  the overall reactions are charac- 
terized by the following free-energy changes. 

0,-sites: AC,,, = AGO - AG,,,,, , (34 a, b) 

C-sites: AGc = AG,, + AG,, - ACh,dr, (34 c) 

P-sites: AG,, = AGO + AG,,?c,r - AG,, ,  ( 3 4 4  

where A G,,,,, denotes the free-energy change of the hydrolysis 
of a phosphorylated compound ( S , - P ) .  We use the value 
d G,,,, = -13 kJ/mol, which corresponds approximately to the 
free-energy change of the splitting of glucose &phosphate into 
glucose and inorganic phosphate under physiological conditions 
[341. For all steps, the corresponding equilibrium constants are 
calculated according to the formula q = exp (- AG/Rn with the 
A G-values taken from Eqn (34). 

Fig. 4 shows the ATP-production rate for the thermodynamic 
parameters given in Eqn (33 ) ,  which yield, according to 
Eqns (24, 32) with [S,] = [S,,], the same d ,,,., value as used in 
Fig. 1. The thick solid line represents the case a = 2, that is, the 
situation observed in glycolysis. It is seen that the difference 
between the curves for u = 0 and a # 0 is much more pro- 
nounced than for lower Q values (inset to Fig. 4 shows, for 
a = 0, the ATP-production rate on an expanded scale). For 
a = 0 and a = 1, the property is retained that JAlP exhibits a 
maximum at variation of the number (b) of P-sites. For u > 1, 
there is also a maximum but the descending part of the curve at 
high b values is missing. This is explained by the restriction 
2b cn (Eqn 21 b) which, for n = 10, does not permit that at 
increasing d values the factor K'"-"' becomes low enough to pro- 
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duce a significant decrease of the overall affinity A and of the 
numerator in Eqn (29) for JATp. 

A striking feature of the curves shown in Fig. 4 is that for 
a # 0 the curves on the left side of the maximum are almost 
straight lines. This property is due to the fact that, for realistic 
thermodynamic parameters, the first reaction, which is a C-site 
for a # 0, becomes nearly irreversible. This implies full control 
of the glycolytic flux by reaction 1 (Eqn 10). Since [So] = con- 
stant, one obtains J -- constant which means that, below the 
thermodynamic limit, J,, increases nearly proportionally with 
d = b - a .  

From the curves shown in Fig. 4, it is seen that the JAT,, 
optimum for a = 2 is not very much higher than that for a = 1. 
One could conclude, therefore, that for thermodynamic and ki- 
netic reasons a high ATP production would be guaranteed by 
only one ATP-consuming site at the first step of the chain. How- 
ever, as shown below and elsewhere (MelCndez-Hevia, E., Wad- 
dell, T. G., Heinrich, R. and Montero, F., unpublished results) 
the existence of two ATP-consuming sites at the beginning of 
glycolysis is favoured on the basis that a = 2 allows for a sym- 
metric pathway in the degradation of the triose phosphates in 
the lower part of glycolysis. 

Extensions of the model. Regulatory feedbacks. Contemporary 
glycolysis is characterized by a large number of internal regula- 
tors (enzyme activation or inhibition by substances other than 
substrates or products). Examples are the inhibition of hexoki- 
nase by glucose 6-phosphate and (in erythrocytes) by 2,3-bis- 
phosphoglycerate [7] or the inhibition of phosphofructokinase 
by phosphoenolpyruvate [35]. Such regulatory couplings have 
been neglected in the minimal model presented above. As a con- 
sequence of this simplification, there is only a very weak feed- 
back from the lower part of the chain to the upper part, that is, 
alterations of the kinetic parameters of reactions at the end of 
the chain may change the glycolytic flux only by affecting the 
balance between forward and reverse reactions. Therefore, the 
absence of regulatory mechanisms becomes crucial under cir- 
cumstances where the first steps of the chain are quasi-irrevers- 
ible, which is the case for ATP-consuming sites located at the 
upper end of the chain (a  # 0). Then flux control is exerted 
exclusively by the first reaction and the rate JATp increases lin- 
early with increasing b (Fig. 4). 

Let us consider a situation where there is feedback inhibition 
on reaction i which is exerted by an internal metabolite S,,, lo- 
cated downstream of reaction i, that is, i 4 m < II. For reaction i, 
we use the rate equation 

(36 a) 

where K, is the inhibition constant which describes a non-com- 
petitive inhibition. An equation for the steady-state flux may be 
derived as follows. Eqn (4) allows the expression of the concen- 
trations [S<-J, [S,] and [S,,J as functions of J ,  [So] and [S,,]. 
Inserting the resulting expressions into equation z l i  = J ,  with ~ i ,  

taken from Eqn ( 3 3 ,  one arrives at the following quadratic 
equation for the steady-state flux 

a,  S- + a ,  J + a,, = 0 (36 a) 

(36 b, c) 
where 

ao = k Qi.,-i ([Sol - [ s J Q l . n ) ~  

0 1 2 3 4 5 

Number of P-sites (b) 

Fig. 5. Effect of feedback inhibition on the ATP-production rate. .IATp 
is represented as a function of a and b for the model including the inhibi- 
tion of the first reaction of the pathway by an internal metabolite S,,, 
with w1 = 5 and K, = 1. The other parameters are the same as used in 
Fig. 4. The curves are calculated by means of Eqns (19, 36) for a chain 
of ten reactions. 

The effect of a feedback-inhibition on the ATP-production 
rate is shown in Fig. 5 for m = 5 and i = 1, that is, the metabo- 
lite located in the middle of the chain inhibits the first reaction. 
The thermodynamic parameters are the same as given in the 
legend to Fig. 4. In contrast to the case without feedback inhibi- 
tion, the maximum values for JATp are decreased, and for a = 2 
and a = 3 the functions J,,,(b) are not straight lines. This is 
explained by the observation that an increase of the number of 
ATP-producing sites, which slows down the reactions at the 
lower end of the chain, is accompanied by an accumulation of 
the metabolite concentrations in the middle part, and in this way 
by a stronger inhibition of the first reaction. 

Fig. 5 resembles in some respects Fig. 1 B since in both cases 
most of the curves JATP(b) are non-monotonic. Whilst in Fig. 1, 
this behaviour is due to product inhibitions resulting from (unre- 
alistically) low values of the equilibrium constants, in Fig. 5 it 
results mainly from the non-competitive inhibition of the first 
reaction by the metabolite S,, (m  = 3, which is distant from that 
reaction. In the latter case, reactions at the lower end have posi- 
tive flux-control coefficients despite that for a Z 0 the first reac- 
tion is quasi-irrevsible. One may speculate that the evolution of 
regulatory feedback mechanisms was driven by the demand to 
circumvent the accumulation of flux control in a low number of 
irreversible reactions [36, 371. 

Effect of enzyme concentrations. In the minimal model out- 
lined above, the enLyrne concentrations [E,] enter the expres- 
sions (16a,b) for the rate constants as fixed quantities. The gly- 
colytic flux J and the ATP-production rate JAlP is changed by a 
variation of the distribution of the enzyme concentrations along 
the pathway. In the present section, we analyze how the results 
of the minimal model are modified if those enzyme concentra- 
tions are considered which maximize the ATP-production rate. 
Since Eqn ( 5 )  for J is a homogeneous function of first degree of 
the enzyme concentration, optima for J and JhTp may only be 
found if upper limits for [E,] are taken into account. In the 
following we use the constraint 

C lE,l = [El, [El:', (37) 
1 - 1  

which expresves the fact that the total enzyme concentration [El, 
for a metabolic pathway is limited by the capacity of the living 
cell to synthesize proteins [13, 201. For any optimal solution, 
the total sum of enzyme concentrations must be equal to its max- 
imum value [El:. By means of the method of Lagrange multipli- 
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ers, the spectrum of optimal enzyme concentrations is, therefore, 
determined by the condition 

where 7, denotes the Lagrange multiplier. Introducing Eqn ( 5 )  
into Eqn (38) yields, under consideration of [El, = [El:, 

1 -  I 

It is seen that the optimal distribution of enzyme concentra- 
tions depends on the equilibrium constants q,, which, in the 
context of our model, depend on the location of the coupling 
sites. Introducing the optimal enzyme concentrations given in 
Eqn (39) into Eqns ( 5 ,  16a), one arrives at the following expres- 
sion for the optimal flux 

(40) I = 
ki [El, ([Sol Q - [S,,I) 

[ 1= ' \ ( 1  + (1,) Q, + t , l  
1 - 1  

This equation may also be applied to the case that some reac- 
tions are coupled to ATP consumption and others to ATP pro- 
duction by replacing the equilibrium constants q, by q: according 
to Eqn (1 1 a, b). The resulting expression has, compared with the 
flux equation used in the minimal model, the advantage that it 
is independent of the coupling parameters a,, p,, ;yr and 0, trans- 
forming changes of the equilibrium constants into changes of 
the forward and backward rate constants (Eqns (12, 13). 

Theorems 1 and 2 remain valid by applying Eqn (40) for the 
glycolytic flux and Eqn (19) for the relation between J and .IATp. 
I n  particular, we arrive at the conclusion that I,, becomes tnaxi- 
mum when all P-sites are located at the lower end and all C- 
sites are located at the upper end of the chain (Scheme 1). 

For q, = y. the sums which enter the denominator of the flux 
equation can be evaluated by ineans of the formula for geometric 
progressions. One obtains 

with 

Fig. 6 A  shows J,,,,, as a function of the number of coupling 
sites for a chain with ten reactions and for the same thermody- 
namic parameters as used in Fig. 1. The flux is normalized with 

I = k,,[S,,] [E]y//7. The main conclusion derived 
for the minimal model remains valid by considering states with 
optimal distribution of enzyme concentrations. However, the 
proper adjustment of enzyme concentrations along the chain in 
Fig. 6 A  leads to ATP-production rates that are generally higher 
than those depicted i n  Fig. 1 B. 

Fig. 6 B  shows the optimal enzyme concentrations for a = 0 
and b = 0 (curve a )  and for LI = 2 and 0 = 4 (curve b). Curve a 
confirms that for q, > 0. the enzyme concentrations giving rise 
to an optimal flux decrease monotonically from the beginning 
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Fig. 6. ATP-production rate and optimal distribution of enzyme con- 
centrations. (A) ./,,-,, at optimal enzyme concentrations. The curves are 
calculated by means of Eqn (41) for I I  = 10. (B) Optimal distribution of 
enzyme concentrations according to Eqn (39). (a) LI = / I  0; (b) ( i  = 2, 
/ I  = 4. [EJ:' = 10. The other parameter values are the same a s  used in 
Fig. 1. 

Scheme 2. 
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to the end of the chain (15. 201. When the chain contains ATP- 
producing sites at its lower end, the effect of the low rate con- 
stants of these reactions is counterbalanced by higher enzyme 
concentrations. Accordingly. there is a non-monotonous distribu- 
tion of enzyme concentrations in states of maximal steady-state 
flux. 

Effect of branching. In the above analysis i t  has been neglected 
that glycolysis is characterized by a splitting of C, compounds 
into two C ,  compounds at the aldolase reaction. To introduce 
this feature the branching model depicted in Scheme 2 will be 
considered. 

The mathematical treatment can be generalized to scheme 2. 
where at step mt 1 ,  with nz + I < n, a splitting of the compound 
S,,, into the compounds S,,,, I and S;:+ I occurs, and where the 
latter two compounds can be interconverted in an isoinerization 
reaction (see Appendix). 

According to the results derived for the unbranched chain, i t  
is meaningful to assume that all C-sites may be located only in 
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4.0 I 1 
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Fig. 7. ATP-production rate for the branching model. The curves for 
J,,,, are calculated by means of Eqn ( A 5  a-g) for nz = 5 and n = 11. 
The other parameter values are the same as used in Fig. 1. The P-sites 
are located at the end of the chain and the C-sites at the beginning of the 
chain. Reactions m+ 1 and ( rn + 1)" are considered to be in equilibrium. 

the upper part of the chain (reactions 3 to m)  and all P-sites only 
in the lower part of the chain (reactions rn + 2 to n). The steady 
state of the chain is characterized by J 2  = 2 J , ,  where J ,  and J z  
are the steady-state fluxes of reactions 1 to rn + 1 and 172 + 2 to 
n, respectively. Therefore, we have d = 2b - a for the excess 
number. Because the reaction m + 1 is bimolecular in the back- 
ward direction, a quadratic equation results for the glycolytic 
flux [Eqn (AS) in the Appendix]. By solving this equation, one 
can express the glycolytic flux and the ATP-production flux as 
functions of a and b. The results are depicted in Fig. 7 for fixed 
and equal enzyme concentrations and for the same parameter 
values as used in Fig. 1 for the linear model. Only even numbers 
of C-sites may be considered since otherwise the degradation 
pathways of S,,, + , and S:, , could not be the same. The conclu- 
rions concerning the optimal number of ATP-consuming and 
ATP-producing steps derived for the linear model remain valid 
by consideration of branching. In particular, replacement of an 
0-site by a C-site in the first part of the chain results in an 
increase of the ATP-production rate. One may conclude that 
there is no essential kinetic difference in the linear and 
branching models with respect to the efficiency of ATP produc- 
tion. However, the branched system seems to be more effective 
from a chemical point of view. For example, an excess number 
d = 2, as observed in glycolysis, can be realized in the branched 
model with a = 2 and b = 2, while in the linear model there are 
the possibilities a = 1, b = 3 and u = 2, b = 4, that is, in the 
linear model more ATP-producing reactions are necessary than 
in the branching model (MelCndez-Hevia, E., Waddell, T. G., 
Heinrich, R. and Montero, F., unpublished results). 

DISCUSSION 

In the present report, we analyzed whether the design of con- 
temporary glycolysis may be understood on the basis of optimi- 
zation principles. Since the main metabolic function of glycoly- 
sis consists of ATP production, particular attention is paid to the 
kinetic effects of a change in the location and the number of 
ATP-producing and ATP-consuming steps. The main result of 
our investigation is that the optimization of kinetic properties 
favours pathways where the steps at the upper end of the chain 
are exergonic or coupled to exergonic processes (such as ATP 
hydrolysis) and steps at the lower end of the chain are ender- 
gonic or coupled to endergonic processes (such as ATP produc- 
tion). This result is in accordance with glycolysis but also with 
other metabolic systems. For example, in the citric-acid cycle, 

there are two exergonic reactions located at the beginning: the 
citrate-synthase reaction, which involves hydrolysis of the en- 
ergy-rich thioester-binding of acetyl-CoA ; and the isocitrate-de- 
hydrogenase reaction. The following reactions yield the energy- 
rich compounds GTP, NADH and FADH,. The last reaction of 
the cycle, the malate-dehydrogenase reaction, is very ender- 
gonic. Another example is gluconeogenesis, which becomes 
possible by circumventing the pymvate kinase reaction by 
means of two steps, catalyzed by pyruvate carboxylase and 
phosphoenolpyruvate carboxykinase, which involve hydrolysis 
of either ATP or GTP. Similary, fatty-acid oxidation is initiated 
by fatty-acid activation in an ATP-dependent acylation reaction 
to form fatty-acyl-CoA. Further fatty acid oxidation yields 
NADH and FADH,, which are oxidized through oxidative phos- 
phorylation to form ATP. 

In the present reports many chemical constraints which may 
favour special structural designs have been neglected (MelCn- 
dez-Hevia, E., Waddell, T. G., Heinrich, R. and Montero, F., 
unpublished results). Several other simplifications of the present 
model deserve special consideration: 

The concentrations of the adenine nucleotides ATP and ADP 
are considered to be fixed, that is, Eqn (5) for the glycolytic flux 
is derived from the steady-state assumption for the carbohy- 
drates but not for the adenine nucleotides. In a more-detailed 
consideration, it would be possible to treat the concentrations of 
ADP and ATP as system variables. Since glycolysis is charac- 
terized by a net production of ATP, this would necessitate incor- 
poration of non-glycolytic ATP-consuming processes. This has 
been done in several simulation models of glycolysis [2-5, 7, 
81. Variable concentrations of the adenine nucleotides would re- 
sult in non-linearities in the steady-state equations, due to the 
consideration of bimolecular reactions, as well as in further feed- 
backs from the lower end to the upper end of the chain. Prelimi- 
nary analysis reveals that the variable concentrations of cofac- 
tors do not affect the main conclusions derived in the present 
paper (Stephani, A. and Heinrich, R., unpublished results). 

In the present analysis, it was assumed that the last step of 
the pathway may be an ATP-production site. Since in anaerobic 
organisms, the redox cycle must be completed, glycolysis ends 
with the lactate-dehydrogenase reaction, which is highly exer- 
gonic but cannot be used to make ATP (MelCndez-Hevia, E., 
Waddell, T. G., Heinrich, R. and Montero, F., unpublished re- 
sults). Therefore, it seems to be necessary to modify the model 
by introducing one uncoupled step (0-site) with a high equilib- 
rium constant at the end of the pathway. Analysis shows that 
this modification has a minor kinetic effect. 

In defining the antiglycolytic design, it was assumed that 
ATP-producing sites may be located at the first reactions of the 
pathway. This cannot be the case in a pathway with glucose as 
the initial substrate. It is possible, however, to give the concept 
of antiglycolytic design a more precise meaning by taking into 
account phosphorylation steps with inorganic phosphate as the 
substrate at the very beginning of the pathway, i.e. preceding 
those of the first ATP-producing steps (MelCndez-Hevia, E., 
Waddell, T. G., Heinrich, R. and Montero, F., unpublished re- 
sults). This modification does not affect our general conclusion 
that a reverse order of C-sites and P-sites, compared with glycol- 
ysis, gives a poor kinetic design. 

Recently, we have proposed the function 

y~ = d . (AGiiyc - d . AGZ,.,) = d .  AG?;, (42) 
as a measure for the efficiency of glycolysis 1381. In contrast to 
the criteria based on the ATP-production rate, the function q 
only depends on thermodynamic quantities and not on the rate 
constants of the reactions that characterize the kinetic properties 
of the chain. The principle q = min proposed in [381 quantifies 
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the hypothesis that cellular evolution of glycolysis may have 
sought to maximize the number of ATP molecules produced and 
maintain the maximally negative net-free-energy change. y dis- 
plays a minimum with variations of dG,,, ranging from 
-25 kJ/mol to - 70 kJ/mol. Taking into account the value for 
A G& given in Eqn (33 a), the minimum value of y is attained 
for d -- 2 and d CAT,, = -50 kJ/mol. As mentioned above, a 
A GAT, value of - 50 kJ/mol i s  the accepted value for phosphory- 
lation under cellular conditions. Therefore, this result is in good 
accordance with the design of glycolysis (a = 2, b = 4). 

There is some relationship between the principles JATp =max 
and y = min. Neglecting the denominator D in Eqn (5) for the 
steady-state flux, one gets, under consideration of Eqn (29), for 
[Sol = [S,J 

J,,, = d {exp [ (d  . AG,, - AGE;,,)/RT] - I }  (43) 

where the equilibrium constants Q and K have been related 
to the free energy changes AGE;,, and AG,, respectively. Ex- 
panding the exponential function in Eqn (43) in a Taylor series, 
and taking into consideration only the linear terms, one arrives 
immediately at JATp = (- y). However, it is also seen that this 
approximation would necessitate that the term d . AC,, - 
d G &  is small compared to RT = 2.577 kJ/mol (at T = 310°K) 
which, for glycolysis, is generally not the case (Eqn 33). 

Our theoretical approach to explain the structural design of 
glycolysis in terms of thermodynamic and kinetic parameters is 
based on the hypothesis that optimization of the net flux through 
this pathway, in particular, the ATP-production rate, was of ut- 
most importance during evolution. We are aware that this may 
be not sufficient to explain all details of the design of glycolysis. 
Other systemic properties should be taken into account in future 
optimization studies, such as stability of steady states, transition 
times and regulation by internal effectors. An attempt to include 
the effects of feedback inhibitions is presented above. 

Furthermore, our analysis on glycolysis optimization is 
based on the assumption that the system works under conditions 
of constant chemical affinity, that is, at constant substrate and 
product concentrations. This assumption is valid, for example, 
in red blood cells where the concentrations of glucose and lac- 
tate remain almost unaffected at variations of the kinetic parame- 
ters and of the rate of glycolysis [7]. Therefore, the ATP-produc- 
tion rate (JAT,,) or the glycolytic rate .I may be considered as 
targets of optimization. However, a different case can also be 
considered, where the system works under the constraint of a 
constant input flux ( J J .  In such systems, the steady state is ex- 
ternally imposed, that is, it is not a variable which may be af- 
fected by kinetic optimization. However, optimization of the 
stoichiometry is meaningful in this case. This concerns, in par- 
ticular, the maximization of the number of ATP molecules which 
can be produced/molecule of glucose. 

APPENDIX 
Let us consider the reaction chain depicted in Scheme 2 where at the 

inner step ni+l a splitting of the compound S,,, into the compounds S,,,. , 
and S:+, occurs. The latter compounds can be interconverted in a reac- 
tion with a rate ZI$+ I. The steady state of the chain is characterized by 
JL = 2 J ,  where J ,  and J L  are the steady-state fluxes of the reactions 1 
to m + 1 and m + 2 to n ,  respectively. Taking into account Eqn (4). the 
metabolite concentrations [S,,r] and IS,,, , can be expressed as 

LS,t<J = [SfJl Q f  JI Z Q, I n  k, I (A1) 
, = i  

Taking into account the steady state conditions for [S,,,] and [S: + 

respectively 

Ji = o , ~  + 1 = km + 1 [S,,,] - k-  (m + 1 )  [S: + i l  IS,,, + i I  

Ji = Ill+ 1 = k? + 1 [ S Z +  i I  - k*,,, + i ,  [Sm+ i l  

(A31 

(A 4) 
one finds for the determination of the glycolytic flux the quadratic equa- 
tion a,# + u1 J ,  + a,, = 0 with 

a, 

and 
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